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About this lesson

Differentiation answers one question: how steep is a curve at a particular point? The same idea tells us
how fast anything is changing: the speed of a car, the rate at which a balloon’s volume grows as it is
inflated, the way a profit rises and then falls. Once you can find a gradient you can also find the
highest and lowest points of a curve, which is the key to every “greatest” and “least” problem.

This lesson builds the subject from scratch. We begin with the problem of defining the gradient of a
curve, and solve it by sliding a chord towards a tangent. From that picture we derive the rule for
differentiating powers of x rather than just quoting it, then use it (with the rewriting steps that cause
most of the mistakes). We then look at rates of change and the second derivative, tangents and
normals, stationary points and what they tell us about the shape of a curve, and finally optimisation.
The last section collects intuitive checks that ESAT likes to test.

How to use it. Read each idea, then cover the worked example and try it yourself. Always sketch
the curve when you can: a picture often shows whether an answer is sensible. Finish with the
self-check and then the practice set. Specification codes: MM6.1 (the derivative as a gradient and as
a rate of change, the second derivative, notation), MM6.2 (differentiating x" and sums) and MM6.3
(tangents, normals, stationary points, increasing and decreasing).

Heurisco is an independent practice provider and is not affiliated with, endorsed by, or connected to UAT-UK, Pearson VUE, the
UCAT Consortium, or any university. All questions are original.

1 The gradient of a curve

For a straight line the gradient is the same everywhere: rise divided by run. A curve is different. It bends, so it is steeper
in some places than others, and we cannot talk about “the” gradient of a curve, only its gradient af a point. What should
that mean?

Zoom in on a smooth curve at a point P and it looks more and more like a straight line. We define the gradient of the
curve at P to be the gradient of that line, called the tangent to the curve at P. The difficulty is that a gradient needs two
points, and we only have one.

The way out is a trick. Pick a second point Q on the curve and join P to Q. The straight line PQ is called a chord, and we
can find its gradient from the coordinates of the two points. For the curve y = x2 with P = (1,1) and Q = (3,9) the rise
is 8 and the run is 2, so the chord has gradient 4.

y

chord gradient = g =4

That is not the gradient of the curve at P: the chord is too steep, because the curve is still climbing steeply between P and
Q. But watch what happens when we slide Q along the curve towards P.
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Q tangent
at P

P
@) 1 2 3

chord gradients 4, 3, 2.5, --- — 2

As Q moves closer, the chord swings round and settles onto the tangent at P. The gradients of the chords are 4, 3, 2.5, and
if we keep going we get a pattern:

x-coordinate of Q ‘ 3 2 15 11 1.01
gradientof PQ | 4 3 25 21 201

The chord gradients are closing in on 2, so the gradient of y = x at x = 1 is 2. We never put Q exactly on P (that would
be %), but we can see the number the gradients are heading towards.

Worked example: chords of y = x from the point (2,4)

Find the gradient of the chord from P(2,4) to Q on y = x> with x-coordinate 2 + &, and say what happens as 1 gets
very small.

+n?

Q= (2+hn,(24h)?). Therise is (2 + h)%2 — 4 = 4h + h? and the run is 4, so the gradient is 4h =4+ h. For
g

h =1thisis5, for h = 0.1itis 4.1, for h = 0.001 it is 4.001. As h shrinks the gradient approaches 4, so the curve has
gradient 4 at x = 2.

Common mistakes

¢ Thinking a chord’s gradient is the gradient of the curve. It is only an approximation, and it gets better as Q
approaches P.

¢ Trying to put Q exactly on P straight away. The run would be 0 and you cannot divide by 0: first simplify, then
let 1 become small.

2 First principles: deriving the rule

Let us do the chord argument once and for all with general letters. Let P = (x, f(x)) be any point on the curve y = f(x),
and let Q be a little further along, at horizontal distance / from P,so Q = (x + i, f(x + h)).
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flx+h) = f(x)

X x+h
gradient of chord = Jw

The run from P to Q is h, and the rise is f(x 4+ h) — f(x), so

gradient of chord PQ = w

d
The derivative of f, written f/(x) or % (read “dee y by dee x”), is the number this approaches as i becomes smaller and

smaller. It is the gradient of the curve at x, and it is a function: put in a value of x, get out the gradient there.

(x+h)?2—x*  2xh+h?

=2x+h. As h — 0 this tends to 2x, so i(xz) = 2x.

Case f(x) = x2. The chord gradient is Ix

At x = 1it gives 2 and at x = 2 it gives 4, matching what we found by sliding chords.

3x2h + 3xh? 4+ K3

Y = 3x2 4+ 3xh +

Case f(x) = x3. Expanding (x + h)? = x3 + 3x2h + 3xh? + K, the chord gradient is
W2 — 3x2.

The pattern is =1, x2 5 2x, 23 = 3x%2. In general, when (x + h)" is expanded the first two terms are x" + nx"1p
and every remaining term contains at least #2. The x" cancels with the —x" in the numerator, and dividing by  leaves
nx"~! plus terms that still contain # and vanish. That proves the rule for whole-number powers.

Key ideas
The power rule. For any rational number 1,

4
dx

(x") = nx""1: bring the power down as a multiplier, then reduce the power by one.
Also: a constant has derivative 0 (its graph is flat); %(ux) = a; and differentiation works term by term, with

constants carried through:

2 (af (x) + bg(x)) = af (x) +bg'(x)

The last property holds because the chord gradient of af + bg is exactly a times the chord gradient of f plus b times that
of g.

1
Does the rule really work for negative and fractional powers? Test it from first principles. For f(x) = i x~

1 1 _ —

x+hh L = xhx(gcx:h];) = e i o) — —xl—z = —x72, exactly what nx"~! gives with n = —1. For f(x) = \/x, multiply
VX + h — ﬁ 1 1 1

top and bottom by v/x + h + /x: = — ——— = 13x"1/2 40qin the rule with n = 1.
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Worked example: the derivative as a function
Use the rule to find the gradient of y = x® —3x at x = 0, x = 1 and x = 2, and say where the curve is flat.
d—y =3x2 —3. Atx = 0 the gradient is —3 (sloping down), at x = 1 itis O (flat), at x = 2 it is 9 (steep and rising).

dx
The curve is flat where 3x2 — 3 = 0, that is at x = +1.

dx

y y=2x3-3x >0 >0

The lower graph is the gradient function % = 3x? — 3. It is positive where the upper curve is rising, negative where it is

falling, and zero at the turning points (—1,2) and (1, —2). Reading one graph from the other is a skill worth practising.

Common mistakes

* Using the wrong sign in

2_ 42
W: the x2 terms cancel, leaving 2xh + h? in the numerator.

e Differentiating the constant term: % (5) =0, not 5.

e Writing Z—Z as a fraction that can be cancelled. It is one symbol, read as a single quantity.

3 Differentiating in practice: rewrite first

The power rule only applies to terms of the form (constant) x x”*. Almost every mistake in differentiation comes from
skipping the rewriting step that gets an expression into that form.

. 1 1 1
* Roots and reciprocals become powers: /x = x1/2, J/x = x1/3, = = x71, 5 =x72, = = x71/2

a
x " x2 " Vx ’ xt

(the constant stays on top).

* Brackets are expanded. There is no rule that lets you differentiate the factors of a product separately.

= x? + 4 (divide each term by x).

N . L X044
* A fraction with a single term underneath is split: —

After differentiating, a negative or fractional power can be turned back into a reciprocal or root when you substitute a
value.
Worked example: a reciprocal root

Find the gradient of y = 4 atx = 4.

Jx

d 2
y= 4x1/2 5o % =4 x (—%) x3/2 = —2x3/2 Atx =4: x3/2 = 43/2 = 8 50 the gradient is ~3 = —

Worked example: expand, then differentiate
Differentiate y = (2x + 1) (x — 3) and find the gradient at x = 3.
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y=2x>—6x+x—3=2x>—5x—3,50 % = 4x — 5. At x = 3 the gradient is 7. (Multiplying the factors’

derivatives, 2 x 1 = 2, would be wrong.)

Worked example: a fraction

x3 + 4x

Differentiate y = for x # 0.

Splitit: y = x* + 4, so Z—Z = 2x. (It would be wrong to differentiate the top and bottom separately and divide: that
gives 3x2 +4.)

Common mistakes

4 4
¢ Differentiating — as ———
& Vx % x—1/2

: rewrite as 4x~1/2 first, then differentiate.

¢ Differentiating a product by multiplying the derivatives of the two factors, or a fraction by dividing the
derivatives. Expand or split first.

¢ Forgetting that when n = —% the new power is —% (subtract 1, do not add).

4 Rates of change and the second derivative

d
The gradient of a graph of y against x tells you how fast y is changing for each unit increase in x. So —z is the rate of
change of y with respect to x, and its units are “units of y per unit of x”: metres per second, pounds per day, litres per
minute.

Here is a distance-time graph for a runner with s = > metres after f seconds. The average speed between two times is
the gradient of a chord; the speed at one instant is the gradient of the tangent, which is the derivative.

s (m)
25 +
s = t?
(3,9)

9%,,,777———”**?,: gradient = 6

| speed6mS*1

1 t(s)
o 1 2 3 ! ’

Check the idea numerically: between t = 3 and ¢t = 4 the average speed is 16-9 =7m/s;betweent =3 and t = 3.1
61 —

itis ? 60 1 o _ 6.1 m/s; and d—i =2t = 6 at t = 3. Rates of change from geometry. The area of a circle is A = 772, so

dA -

P 27tr, and the number 27tr is the circumference. That is not a coincidence. Make the radius a little bigger by ér: the

extra area is a thin ring around the edge, whose area is about its length (the circumference) times its width ér. So the area
grows by about 27tr for each unit of extra radius.

thin ring of width ér

area of ring ~ length x width
= 27r x dr, so the area grows
by 27tr per unit increase of r:
dA

EZZT[V
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In the same way the volume of a sphere V = %nr“” has v = 47172, the surface area: a thin shell of thickness 7 has

dr

volume about (surface area) xdr.

Worked example: a rate of change of volume
A sphere has radius  cm. Find the rate at which its volume changes with »r when r = 3, and state the units.

av

O 47tr? = 47t x 9 = 367. The units are cm® per cm, so the volume increases by about 367t ~ 113 cm? for each

extra centimetre of radius at that moment.

The second derivative. The derivative is itself a function, so we can differentiate it again. The result is the second
d2

derivative, written f”(x) or d—‘z It is the rate of change of the gradient. Where f” > 0 the gradient is increasing (the
x

curve bends upwards, like a bowl); where f” < 0 the gradient is decreasing (it bends downwards, like a dome).

y y

\ /

x / \ x

f"(x) > 0: tangent gradients —2, 0, 2 increase f”(x) < 0: tangent gradients 2, 0, —2 decrease

2

ds . . 5 . .
—- is velocity and T is acceleration.

dt

Worked example: velocity and acceleration

For motion, if s is displacement, then

A particle has displacement s = 3 — 6t> + 9t metres at time  seconds. Find its velocity and acceleration at t = 1

and describe the motion.

d2s

d
v= d—i =3t>—12t+9anda = 7= 6t —12. Att = 1: v = 0 and @ = —6. The particle is momentarily at rest and
its velocity is decreasing, so it is just about to move backwards (towards the start).

Common mistakes

¢ Forgetting the units of a rate. ”’%/ is volume per unit of radius, not a volume.

¢ Confusing the average rate (a chord gradient) with the instantaneous rate (the derivative).

2 2
¢ Writing ZTz as (%) . The second derivative is the derivative of the derivative, not its square.

5 Tangents and normals

The tangent to a curve at a point has the same gradient as the curve there. The normal is the line through the same point
perpendicular to the tangent. We find either with the same three steps:

1. Find the point: put the given x into the curve to get y.

— . 1 .
2. Find the gradient: put the same x into the derivative. This is m for the tangent. For the normal use — p (perpendicular
lines have gradients that multiply to —1; if m = 0 the normal is vertical).

3. Write the line using y — y1 = m(x — x1).
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tangent

normal

Worked example: a tangent and a normal

Find the tangent and the normal to y = x? at P(1,1) (shown above).
dy

dx 2x =2atx =1. Tangent: y — 1 = 2(x — 1), so y = 2x — 1. The normal has gradient —%: y—1= —%(x— 1),
so2y —2=—x+1land x+2y = 3.

Where is the tangent parallel to a given line? Parallel lines have equal gradients, so solve d—z = (the given gradient).

There may be several answers, because a curve can have the same gradient at more than one point.

y

y = x3 — 3x?

gradient 9 gradient 9

o X
(-1, —4).” N2 B0

Worked example: parallel tangents

Find the points on y = x3 — 3x2 where the tangent is parallel to y = 9x + 1.
Z—y = 3x2 — 6x. Set this equal to 9: 3x% — 6x —9 = 0,50 x> —2x — 3 = 0 and (x — 3)(x + 1) = 0. The points are

x
(3,0) and (—1, —4). The tangent at (3,0) is y = 9x — 27 and at (—1, —4) itis y = 9x + 5, as drawn above.

Worked example: when is a line a tangent?

For what value of c is the line y = 4x — c a tangent to y = x??

The tangent must have gradient 4, so 2x = 4 and the point of contact is x = 2, y = 4. The line passes through (2,4):

4 =8 — ¢, 50 c = 4. (Check by algebra: x> = 4x — ¢ gives x? — 4x + ¢ = 0, which has a repeated root when the
discriminant 16 — 4c = 0, again ¢ = 4.)

Common mistakes

¢ Using x in the derivative to find the y-coordinate of the point. The y-coordinate comes from the curve.
¢ Using the tangent gradient for the normal. The normal’s gradient is the negative reciprocal.

¢ Stopping after finding one point when asked where a tangent has a given gradient: solve the equation fully.
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6 Stationary points and the shape of a curve

A function is increasing where f'(x) > 0 (the curve climbs as you move right) and decreasing where f'(x) < 0. A
d

stationary point is where f/(x) = 0: the tangent is horizontal. Take y = x> — 6x% + 9x, so % =3x2 - 12x+9 =

3(x —1)(x — 3). The gradient is zero at x = 1 and x = 3, positive for x < 1, negative for 1 < x < 3 and positive again for

x> 3.

increasing decreasing increasing
f'>0 f'<o0 f'>0
Yy
(L4)
@ X
0 2 (3,0) 4

There are three kinds of stationary point. A maximum has the gradient changing from + to 0 to — (the curve climbs,
levels, then falls). A minimum has —, 0, 4. A point of inflection with a horizontal tangent has the same sign either side,
so the curve flattens for an instant but keeps going the same way.

Y y
Y
N § - +
_l’_
X X e — X
maximum minimum +
gradient: + - 0 — — gradient: — — 0 — +
inflection

gradient: + — 0 — +

Two ways to decide which it is.

1. The sign test (always works). Check the sign of f’ just to the left and right of the point.

2. The second-derivative test (quicker). At a stationary point, f” > 0 means a minimum and f” < 0 means a maximum.
The reason: f” is the rate of change of the gradient. If f”/ < 0 the gradient is decreasing as it passes through 0, so it
goes from positive to negative: a maximum. If f”/ = 0 the test says nothing, so use the sign test.

Local versus greatest. A maximum is only a local high point: the highest point nearby. The greatest value of a function on
a given interval is found by comparing the local maxima with the values at the two end points.

y

(5,20)

greatest value
on0<x <5
is at the end point

max (1,4)

o] 2 min (3,0) 4
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Worked example: classifying stationary points

Find and classify the stationary points of y = 2x3 — 9x2 + 12x.

2
Z—Z =6x2 —18x +12 = 6(x — 1)(x — 2),s0 x = 1 or x = 2. The second derivative is % =12x —18. Atx =1itis
—6 < 0: amaximum withy =2 —-9+12 = 5. At x = 2itis 6 > 0: a minimum with y = 16 — 36 + 24 = 4. The
stationary points are the maximum (1,5) and the minimum (2, 4).

Worked example: when the second derivative is zero

Find and classify the stationary points of y = x* — 4x3.

d d2
% =433~ 1222 = 4x%(x —3),s0x = Oorx = 3. Atx = 3: =7 = 124 — 24x = 36 > 0, a minimum, with

dx2
y =81 —108 = —27. At x = 0 the second derivative is 0, which tells us nothing. Use the sign test: Z—Z = 4x%(x — 3)
is negative just left of 0 and negative just right of 0 (because x> > 0 and x — 3 < 0). The sign does not change, so
(0,0) is a point of inflection.

Sketching with calculus. Combine the intercepts with the stationary points. For y = x* — 6x2 + 9x = x(x — 3)%: it
crosses the y-axis at the origin; it meets the x-axis at x = 0 and at x = 3, where the squared factor means it touches the axis

without crossing; the stationary points are (1,4) (maximum) and (3,0) (minimum); and for large positive x it rises, for
large negative x it falls.

Y
y = x(x — 3)?
(1,4)
X
o) 2 (3,0)
touches the x-axis
atx =3

Worked example: greatest value on an interval

Find the greatest and least values of y = x3 — 6x? + 9x for 0 < x < 5.
The candidates are the stationary points inside the interval, (1,4) and (3,0), and the end points, where y(0) = 0

and y(5) = 125 — 150 + 45 = 20. The greatest value is 20 (at the end point x = 5) and the least value is 0 (at x = 0
and x = 3).

Common mistakes

¢ Giving the x-value when the question asks for the y-value of the stationary point, or the other way round.
e Saying a stationary point is a maximum because f” is positive. Positive means minimum (bowl shape).
 Assuming every stationary point is a maximum or minimum: y = x> has f/(0) = 0 but is rising on both sides.

¢ Forgetting the end points when asked for the greatest value on an interval.

7 Optimisation

Optimisation means finding the greatest or least value of a quantity. The method is always the same.

1. Draw a diagram and name the variables.

2. Write the quantity to be optimised (A, V, cost...) as a function of one variable, using the constraint in the question to
eliminate the others.

3. Differentiate and solve %(quantity) =0.

10
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4. Show that it is a maximum or minimum (second derivative or sign test), and check the end points if the variable has a
limited range.

5. Answer the question that was asked: the greatest area, not the value of x.

An open box. A 12 cm square sheet has a square of side x cut from each corner, and the sides are folded up.

12— 2x v
>

1 | 2,128

128 ( )

V = x(12 - 2x)?
base
X X \ix
< > 15) 1 2 3 4 5 6 X
12

Worked example: greatest volume of the box

Find the greatest volume.
The base is a square of side 12 — 2x and the height is x, so V = x(12 — 2x)? with 0 < x < 6. Expanding,

av
V = 144x — 48x2 + 4x3, so o = 144 96x + 1262 = 12(x% — 8x +12) = 12(x — 2)(x — 6). For 0 < x < 6 the only
2

stationary point is x = 2. Here i = 24x — 96 = —48 < 0, a maximum. V(2) = 2 x 8% = 128 cm>. The graph

dx2
confirms it: V is 0 at both ends of the range.

wall

60 m of fencing:
3x+vy =60,
area A = xy

x| pen |x pen

Worked example: fencing against a wall

A farmer has 60 m of fencing and builds two equal rectangular pens against a straight wall, as in the diagram (no

fence is needed along the wall). Find the greatest total area.

The fence has three sections of length x and one of length y, so 3x +y = 60 and y = 60 — 3x. The area is
2

A = xy = 60x — 3x2. Then Z—? = 60 — 6x = 0 gives x = 10, with (2713 = —6 < 0 (maximum). Then y = 30 and

A =10 x 30 = 300 m?. (A quadratic could also be done by symmetry: A = 3x(20 — x) is zero at x = 0 and x = 20,
so its maximum is half-way at x = 10.)

Worked example: a can of least surface area

A closed cylindrical can must hold a volume of 547t cm3. Find the radius that makes its surface area least, and that
least area.

V = nr?h = 5471 gives h = i—;} The surface area is S = 2772 + 27trh = 27r? + @ = 27112 + 10877~ 1. Then
2
Z—f = 4mr —1087tr 2 = 0 gives r® = 27,50 r = 3. The second derivative 275 = 4 +2167tr73 > 0,s0itis a

minimum. Then /1 = 6 (twice the radius) and S = 187 + 36T = 5477 cm?.

Common mistakes

¢ Differentiating while two variables are still present. Use the constraint to get a function of one variable first.
¢ Giving x (or r) as the final answer when the question asks for the greatest area or volume.

* Not checking the nature of the stationary point or the end points: V = x(12 — 2x)? is zero at both ends, so the

11
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I maximum must be in between.

8 Strategy and intuitive checks

Read the question for what it asks. “Find the gradient” needs % and a substitution; “find the point” needs the curve;
“find the greatest value” needs a y (or area, volume) value, not an x. After finding a stationary point, ask: which coordinate
does the question want?

Use the graph. If a curve is rising, f’ > 0; at a smooth top or bottom, f' = 0; where the curve bends like a bowl, f” > 0.
Use these to eliminate wrong answers before calculating: the gradient of a falling curve cannot be positive.

Distance travelled is not displacement. A particle with displacement s that turns round has travelled further than its

final displacement. Split the motion at the times when ds _ 0 and add the sizes of the separate legs.

dt
Worked example: distance travelled

A particle has displacement s = 3 — 62 + 9t m from O. How far does it travel in the first 4 seconds?

d
£ =32 —12t+9 = 3(t —1)(t — 3), so it tums round at t = 1 and t = 3. 5(0) = 0, s(1) = 4, s(3) = 0 and

s(4) = 64 — 96 + 36 = 4. The legs are 0 — 4 (distance 4), 4 — 0 (distance 4) and 0 — 4 (distance 4): a total of 12 m,
although the final displacement is only 4 m.

Exam tip

In optimisation problems the answer is often a “nice” number. If you get an awkward value, recheck the algebra,
especially the constraint equation, before trusting it.

Check yourself

Try these without looking back, then compare with the answers on the next page.
1. Differentiate y = 3x* — 2x~1 +5,/x.
2. Use the chord from x = 3 to x = 3 + h on y = x? to find the gradient at x = 3.
3. Find the gradient of y = x?(x — 1) at x = 2.
4. Find the equation of the tangent and the normal to y = x*> —4xatx = 1.
5. Find and classify the stationary point of y = x? — 6x + 5.
6. For which x is y = x3 — 12x increasing?
7. Two numbers add to 12. Find the greatest possible product.

8. The area of a circle is A = 7172. Find the rate of change of A with r when r = 5 cm.

12
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Answers to the self-check

1. 1223 4 2x72 4 3x71/2,

(3+h)?2-9

2. Gradient of chord = =6+h—6.

3. y=x3—22,y =3x* —2x,5012 —4 = 8.

4. y(1) = -3,y =2x —4 = —2. Tangent: y +3 = —2(x — 1), i.e. y = —2x — 1. Normal gradient }: y +3 = 1 (x - 1),
ie.x—2y=7.

5.y =2x—6=0atx =3,y =—4;y" =2 > 0s0aminimum at (3, —4).
6. ¥ =3x2—12 > 0whenx < —2o0rx > 2.

7. P=x(12—x),P'=12—-2x=0atx =6: P = 36.

8. % = 27tr = 107t cm? per cm.
Next step

Heurisco’s ESAT Maths 2: Differentiation Practice Set has twenty original exam-style questions on this lesson, with
diagrams, in order of difficulty, with a full worked solution for each.

13



